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« Differentiate simultaneous and sequential games and the mathematical tools to solve them
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X Example 6-1: Simultaneous versus sequential games with perfect information

Let us have a strategic game with two players, each of them with to available actions. The payoff
matrix of this game is provided below.

A
L R
4, T (0,0) (1,2)
B (2,1) (3,1)

What is the Nash equilibrium of this game? What would be the output of this game if player 1
decides first and then player two reacts if we assume perfect information?

The Nash equilibrium is (R, T) and the payoffs are (2,1). If we have a sequential game in which player
1 decides first we can find the solution of the game as follows. Let us assume that player 1 decides
L, then player 2 would decide B to maximize her payoff, and the payoff of player 1 would be 2. Let
us now assume that player 1 decides R, then player 2 would decide T to maximize her payoff, and
the payoff of player 1 would be only 1. Therefore, in this sequential game with perfect information,
player 1 would of course decide L to get a payoff of 2. The solution of the sequential game is (L,B)
and the payoffs (2,1). As you can see, this solution is different from the Nash equilibrium of the
strategic game. The method we have used to find this solution is called backward induction and it
is normally used to solve sequential games with perfect information.

& Sequential games

A sequential game is one in which players make decisions (or select a strategy) following a certain
predefined order, and in which at least some players can observe the moves of players who preceded
them. If no players observe the moves of previous players, then the game is simultaneous. If every
player observes the moves of every other player who has gone before her, the game is one of perfect
information. If some (but not all) players observe prior moves, while others move simultaneously, the
game is one of imperfect information. Sequential games are represented by game trees (the extensive
form) and solved using backward induction, or subgame perfect equilibrium.

(0,0) 21 (12 (3,1)

& Subgame Perfect Nash Equilibrium

A subgame perfect Nash equilibrium is an equilibrium such that players’ strategies constitute a
Nash equilibrium in every subgame of the original game. It may be found by backward induction,
an iterative process for solving finite extensive form or sequential games. First, one determines the
optimal strategy of the player who makes the last move of the game. Then, the optimal action of
the next-to-last moving player is determined taking the last player’s action as given. The process
continues in this way backwards in time until all players’ actions have been determined.
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& Single-leader-single-follower game

A single-leader-single-follower (SLSF) game is stated as a bilevel optimization problem. The leader’s
problem is at the upper level, where the leader chooses a decision vector, x, first. After the leader has
made their decision, the follower chooses their decision vector, ¥, solving the lower-level optimization

problem (see illustration below). Single-leader-single-follower games are also known as Stackelberg
games.

Leader

Follower

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

An example of a SLSF game is for example an investor deciding the optimal capacity of a generating

unit to maximize its profit subject to an economic dispatch problems that determines dispatch
quantities, flows and prices to maximize the social welfare.

As we discussed in the previous block, a Stackelberg game can be formulated as a bilevel programming
problem as follows
min  Fy(z,y)
st. F(x,y) <0
H(xz,y) =0
min o)
st flz,y) <0:A
hz,y) =0:v

Under convexity assumption for the lower-level problem, we can replace it by its KKT conditions to
formulate the following MPEC problem

Jnin - Fo(z,y)
st. F(z,y) <0
H(z,y)=0
h(z,y) =0

vny(xay) + )\TJyf(xay) + VTJyh<l‘7y) =0
0< AL —f(x,y) >0

where J,, denote the Jacobian with respect to variables y.
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& Single-Leader-Multiple-Follower Games

A single-leader-multiple-follower (SLMF)) game is a Stackelberg problem extension with multiple
followers, where the followers are competing among themselves. In this game a single leader makes
their optimal decision, z, prior to the decision of multiple followers, who are competing among
themselves. Given the optimal decision of the leader, x*, each follower makes her optimal decision,
y;, taking into account their competitors’ optimal decisions, y* ;.

Leader

£ \# yip X \# Aym

Follower 1 Follower m

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

One example of SLMF game is a problem in which transmission investment is decided in the upper-
level problem by a network planner, and each of the followers is a power producer determining its
optimal generation capacity.

A SLMF game with m followers can be formulated in a generic form as follows

min  Fo(z,y1, -, Ym)

x

st. F(x,y1,..,Ym) <0
H(z,y1,. . Ym) =0
miny, £ (@, y;,9-)
s.t. (@, y5,y-5) <00 ) Vi=1,....,m
W (x,y;,y—;) =0:v;
Under the assumption that each lower-level problem is convex and satisfies the Slater condition, we

can replace each of them by its corresponding KKT conditions and formulate the following MPEC
problem

min Fo(xz, Y1,y Ym)

T,Y1y-5Ym
ALyeeos Am,VL e Vm

st. F(x,y1,..-,Ym) <0
H(z,y1,.. ,Ym) =0
W(z,y;,y_;) =0, Yi=1,...,m
vyjfg(x7yjay—j) + )‘?Jyjfj(xayjﬁy—j) + Vnyjhj($7yjay—j) = 07 V] = 17 s, M
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& Multiple-Leader-Single-Follower Games

A multiple-leader-single-follower (MLSF) game is a case when several players (leaders) anticipate
simultaneously the decisions of a single player (follower). Because all the leaders make decisions at
the same stage, the upper-level problem is defined as a Nash equilibrium of the leaders. Because
all leader’s problems depend on the competitors’ decisions, the set of the n problems is coupled and
complicates the resolution of this problem. EPEC techniques can be applied to solve this kind of
problem.

I
+ .....
Leader 1 In Leader n
T1 & AY g S ALY
Follower

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

A MLSF game could be, for example, if we have a lot of investors determining optimal generation
capacities to maximize their profits subject to an economic dispatch that determines production
quantities, flows and prices to maximize the social welfare.

A MLSF with n leaders can be formulated as the following equilibrium problem

‘. 3

min,, F¥(op, g, y)

s.t. F¥(op, x g,y ) <0
Hk(ZL‘k,I kY ) = O .
min, folxy, ... 20, y") VE=1...,n
s.t. flay,.. . xn,y%) <0 AF

\ h(:cl,...,xn,yk):O:l/k)

in which lower-level variables are different for each leader k. This is so because each leader can have
a different estimation of how the follower would react. Note also that if the optimal decision of the
follower is a singleton for each combination of decision variables of the leader, then the lower level
variables y* would be the same for all leaders.
If the lower-level is convex and satisfies the Slater condition for any decisions of the leaders, then we
can replace it by its KKT condition as follows

(minxkyyk)\kyyk Fé“(xk,x_k, k) )
s.t. Fk(xk,:v,k, k) S
Hk(:ck,x k'Y k) =
h(zq, ... xn,yk) 0 Vk=1,...,n

Vykf()(xkax kY ) AkTJ kf($k7l’ kayk)+
+4J kh($k,$ kY ) =0
K OS)\kJ— f(fEk,.f,k, )20

Ve

This is an EPEC problem since it is an equilibrium among players, and each of them determines the
optimal strategy by solving an MPEC problem.
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& Multiple-Leader-Multiple-Follower Games

A multiple-leader-multiple-follower (MLMF) game is the most general instance of a bilevel game
where several leaders competing among themselves have to make decisions in the first stage prior to
the decisions of a set of followers competing among themselves in the second stage. The multiple-
leader-multiple-follower problem is given by a set of MPEC problems, one for each leader, which is
known as Equilibrium Problem with Equilibrium Constraints (EPEC).

L1
Leader 1 :‘/’Ci& Leader n
X /
A N R Y
TN e
Follower 1 :: Follower m
Ym

Figure taken from Pozo, D. “Stochastic bilevel games applications in electricity markets”, PhD dissertation, 2012.

A MLMF game can be, for example, a generation expansion problem with Cournot power producers.
The leaders would be all the investors determining the optimal capacity expansion decisions to
maximize the profit. Each leader decision would affect the decision of the corresponding follower,
represented as a power producer who has to determine the optimal production decisions to maximize
the profit. Note that the prices and quantities are determined by solving the equilibrium of the
followers.

A generic MLMF game with n leaders and m follower can be formulated as the following equilibrium
problem

(min,, Fy(zg,z gyt ... yk) )
s.t. FF(ap,z gy, .., y) <0
H¥ (zp, o,y .,y ) =0
(. F k gj/l kymk) \V/kf = ]_, . ,n
mlny;? f()('rk)yjay—j)
s.t. f](xk,yj,ygj)go:/\g Vi=1,....,m
\ h](wkay];yf):O:Vj )

Assuming that all lower-level problems are convex and satisfy the Slater condition for any combina-

tion of leaders’ decisions, they can be replace by their KKT conditions and we obtain the following
EPEC

(min Th, y17 7ym Fé“(xk,x,k,ylf,...,yﬁl) )
)\’f, ,)\k I/l, 7an
s.t. Fk(xk,x_k,ylf,...,yfl) <0
H* (xk:ax ks yla"'7y7k;z) =0
hj(l’k,y], )_0 Vi=1,. VeE=1,...,n

kf[)(xkayja ) AkTJ kf](xkayjay )+
—{—I/kTJ khj(xk,y], )—O Vi=1,....m
\ 0</\kJ— f](xkayjmy )>0 vjzlv’m J
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& Formulation of EPEC

Since practical applications of EPEC models often arise from MLSF or MLMF games, we consider

the EPEC as the equilibrium of players that determine decisions solving an MPEC. This is illustrated
in the figure below

EPEC
MPEC 1 MPEC p MPEC P
Minimize ULOF 1 Minimize ULOF p Minimize ULOF P
subject to: e & o [subject to: e o o |subject to:
CLC1 CLCp ULCP
LLP 1 LLP p LLP P

Figure taken from Ruiz, C. “Strategic offering and equilibria in electricity markets with stepwise supply functions”, PhD dissertation, 2012.

An EPEC with n leaders can be generally formulated as follows

minxk,yk (mk,ﬂi kY )
s.t. ( y Tk Y ) <0 _
h(xk,x ) =0 VeE=1,...,n

0 < F*(ap, x_p, y*) L H*(zp, 2, y*) >0
where xj, are the decisions variables of leader k, x_j is the decision set of all leaders different from £k,
and y* is the estimation of the followers’ decisions made by leader k. We can also write each MPEC
as a conventional optimization problem follows

( . k
min,, fo

( )
s.t. fk(l’kw—k,yk) <
h ) =

\ FM(ay, 2, y") o H* (xp, 2k, y*) =0 (o) )

where o denote the Schur product of two vector or matrices.
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& Methods to solve EPEC (I)

EPEC can be solved with off-the-shelf optimization software using different methods. In this course
we present four of the most commonly used methods to solve EPEC problems:

1. Formulate the EPEC as a complementarity problem. This method replaces each MPEC by its
KKT conditions as follows:

(Vo fE+ MY, 2+ vE T B — P d, F* — LT, HY + F* o ¢l J, H* + H* 0 ¢T3, F* = 0)
Ve f8 + NI f5 4+ vl T b — yF I o ¥ — LT HE + F* o I T o HR + HY 0 ¢]' 3 FF =0
0< X\ L —f*ap,2_p,y%) >0
h*(zg, 21, y) =0 > Vk
0 <y L FE(ay, 2 _4,y) >0
0 <y, L H¥(vg, 7 1,9) >0

y)o

F (‘rlmw k7 (kar*k'?y) :0 y,
2. Sequential non-linear complementarity problems

In the previous chapter we saw how to regularize MPECs so that the KKT conditions are,
at least, necessary for optimality. Following the same procedure here, we replace the equality
constraint F*(xy, x_p,y) o H*(zp, 2_g,y) = 0 by F*¥(zp, v_p, y)T H*(2p, v_p,y) < t, with ¢t > 0.
The procedure is as follows:

Step 1) Set t < 10°

Step 2) Solve the following mixed non-linear complementarity problem

(Vo B+ NXy f2+ 0T T W — T3, FF — AT, HY + F* o ¢T3, H* + H* 0 ¢TJ, F* = 0)
Ve 54 NI o 4 vl T b — pl3 o F* — 4T3 HY + F* 0 ¢T3 HY + HF 0 ¢T3 o 5 = 0
0< X L —fF(ap,z_,y%) >0
h*(zg, 2 g, y) =0 vk
0<pg L FF(ap,x_p,y) >0
0<v L H¥zp,2_p,y) >0

0 < ¢p L (t = F*ap, w_p,y) " H* (wy, 2k, 9)) >0 J

Step 3) Set ¢ < t/10
Step 4) If ¢ is lower than tolerance, stop. Otherwise, go so Step 2).

Note that with method 1 the dual variable ¢, is a vector, while with method 2 the dual variable
¢y is just a scalar.
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& Methods to solve EPEC (II)

3. Diagonalization (Jacobi). This is an iterative method to solve EPEC which is easy to implement
and therefore, it is commonly used by engineers. The steps are the following:

Step 1) Initialize a;,(j’), choose a maximum number of iterations J and a tolerance €. Set j < 0.

Step 2) Update j < j + 1. Solve one MPEC for each player k fixing the decisions of the other

players 2V ,1 to the values obtained in the previous iteration x( Y to obtain the value :B§g ),

ie., zY = (xgj R 11),x,(j+11), o 1)>.
Step 3) If j > J stops, otherwise go to Step 4.
Step 4) Let x9) = (2 29, 2P). 1f ||x®) — xU=D|| < € stops. Otherwise go to Step 2.

This method is illustrated in the figure below considering 3 leaders

(x;j_n,xéj_l)) $§j)
MPEC 1
- - - . . )
(mg] ),mg] ),mgj )) (x? )7m§7 )) :vgj)
MPEC 2
i—1 i—1 p
(:vij ),xé] )) xéJ)
MPEC 3

4. Diagonalization (Gauss-Seidel). This is another iterative method to solve EPEC that runs as
follows:

Step 1) Initialize x,(co), choose a maximum number of iterations J and a tolerance €. Set j < 0.

Step 2) Update j < j 4+ 1. Solve one MPEC for each player k fixing the decisions of the other
players as follows x(j) = (:cﬁj) x,(j)l,x,(cﬂ ). ,91:7({71)).

Step 3) If j > J stops, otherwise go to Step 4.
Step 4) Let x0 = (2 28 2%). If ||x) — xG=D|| < € stops. Otherwise go to Step 2.

This method is illustrated in the figure below considering 3 leaders

26D U= o)
S MPEC 1 |1

(zgj—l),zgj—l),z:(gj—l)) (mﬁj),ng‘”> VIPEC 2 ‘x;j)
NOWE) 0

S MPEC 3 :
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& Example 6-2: Discussing the complementarity reformulation of the EPEC

Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us assume that we solve the
complementarity problem corresponding to method 1 and obtain all possible points that satisfy the
KKT conditions. Are all these points equilibrium points? Can I guarantee that the solution is one
of these KKT points? Justify your answer.

The answers to both questions is no. All the points that are solution to the complementarity model
are not equilibrium points since the KKT conditions of the MPEC problems are not sufficient for
optimality. Furthermore, since the MPEC does not satisfy the constraint qualifications, then, the
KKT are not even necessary, and therefore the equilibrium solution might not be among the points
that solve the complementarity problem.

X Example 6-3: Discussing the sequential non-linear complementarity reformulation
of the EPEC

Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us assume that we solve the
sequence of complementarity problems corresponding to method 2 and obtain all possible points that
satisfy the KKT conditions for ¢t — 0. Are all these points equilibrium points? Can I guarantee that
the solution is one of these points? Justify your answer.

No, all the points solution to the complementarity problem for ¢ — 0 are not equilibrium because
the KKT are not sufficient for optimality. Also, note that for ¢ > 0, each MPEC satisfies the MFQC
and therefore the KK'T are necessary optimality conditions. Therefore, if the equilibrium exists, it
must be among one of the solutions of the complementarity problem for ¢ — 0.

X Example 6-4: Discussing the diagonalization methods of the EPEC

Let us assume that we are solving an EPEC that has a solution, that is, there exists a set of decisions
for the leaders so that none of them has an incentive to deviate. Let us also assume that we can
adjust the values of the large constants M so that we can find the global optimal solution for each
MPEC. Let us also say that we can find a set of points for which any of the two diagonalization
procedures converge. Are all these points equilibrium points? Can I guarantee that the solution is
one of these points? Justify your answer.

If any of the two diagonalization method converges, then we can say that we found an equilibrium
solution for the EPEC since the convergence of the method only occurs when none of the players
want to change their decisions. Therefore, we should be able to find the solution to the EPEC using
diagonalization. The problem is that these diagonalization methods may have convergence issues
and provide different solutions depending on the starting point.
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X Example 6-5: Closed-loop generation expansion (complementarity formulation)

In Example 5-11 we formulated a bilevel problem to determine the optimal capacity T, of one
power producer anticipating the results of the market clearing. However, other power producers
may also increase the capacity of their units. First, formulate the MPEC problem solved by each
power producer that anticipates the market equilibrium, and then the resulting EPEC using method
1. In order to make the notation easier I recommend to use two different indexes for the power
producers. Index k refers to the players deciding the investment (leaders), while index g refers
to the players making production decisions (followers). Note that k = 1,...,nand g = 1,...,n,
which n being the total number of power producers. Use the same assumptions as in Example
5-11 (perfect competition, linear investment and production cost functions, linear inverse demand
function, minimum production levels equal to 0).

fminfk@gtﬂgwpf 1Tk + Zt (bk — pf) :L‘Ilzt 3
s.t. —b, + pF — ﬁ]g“t <0 (Aggt) Vg,t
—p <0 (ng) Vgt
Tg =Ty <0 (prgt) Vgt vk

—ﬁ’;t <0 (meg) Vgt

(bg - pf + ﬁ];t) xlgt =0 (Tkgt) Vg,t

(fg - xlgt) ﬁ];t =0 (owge) Vgt
\ pf_at_FBt gx];t:O (wkt) Vi Y,
Note that in the third and sixth constraints, T, is the decision variable of leader &k for g = k, while
it is a know parameter for g # k. The EPEC can then be formulated as a complementarity model
as follows

( Zk - Zt Pkgt + Zt ﬁlgtakgt =0 vg =k )
by — D} = kgt + Prgt + Thyt (by — Py + ﬁlgt) - ngtﬁl;t + B =0 Vg,t
— kgt — Thgt + Tkgtx’;t + Okgt (fg — x'g’“t) =0 Vg,t

—xﬁt + Nigt — Tkgtl’];t + Y =0 Vit

(by — P +7%) 2k, =0 Vgt

(fg — xlgt) gt = 0 Vg,t A5
P —ai+ By ah =0 Vi

0 < Akge L by —pf +775, >0 Vg, t

0 < pigge L x’;t >0 Vg,t

0 < prgt L —ab, +T, >0 Vgt

(| 0< g L775, >0 Vgt )
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X Example 6-6: Closed-loop generation expansion (sequential complementarity)

Take the EPEC formulated in Example 6-5 and reformulate it using regularization for each MPEC.
Explain the procedure to solve it as a sequence of complementarity problem and its advantages.

; .
mlnik 7:E§t ’ﬁgt 7p§
s.t.

\

Tk + ), (bk - pf) Ty

—b, +pf - ﬁlgt <0 (Argt) Vgt
—Ilgt <0 (urgt) Vg,t

T —Tg <0 (prgt) Vgt

—ﬁ’;t <0 (mrge) Vgt

Dot (bg = PF +TT5e) aly + 300 (Tg — i) Ty

3 (Pt B, ) <t (&)

+

\

/

vk

Note that in the third and sixth constraints, Z, is the decision variable of leader &k for g = k, while
it is a know parameter for g # k. The EPEC can then be formulated as a complementarity model

as follows

\

( ik_ztpkgt"i_ztﬁlgﬂtgkzo v.g:k
bg_Pf_ngt‘f‘Pkgt"‘fk(bg_pf‘i‘ﬁgt_ﬁgt—i_ﬂt):0 Vg,t
— kgt — Tigt + &k (x’;t + Ty — x];t) =0 Vgt
—wl,ZtJng/\kgt—fk ($5t+1)20 vt
OSAkgtJ—bg_

\ Ogﬂkgth’;tzo Vg,t

0 < prgt L 25, +T, >0 Vg,t

0< mhgr L7g >0 Vgt

Oﬁfklt_th (bg—pf+ﬁ§t)xlg€t+zgt (fg_wgt)ﬁ§t+
+Zt<pf—04t+5t

Py 4+ >0 Vgt

k
gajgt> >0

The procedure to solve the EPEC is the following

Step 1) Set ¢ + 10?

Step 2)

Step 3) Set t « t/10
)

Step 4) If t is lower than tolerance, stop. Otherwise, go so Step 2).

©salvapineda
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X Example 6-7: Closed-loop generation expansion (diagonalization)

Take the EPEC formulated in Example 6-5 and reformulate it using the Fortuny-Amat reformulation
of each MPEC. Explain the procedure to solve it as a sequence of complementarity problem and its
advantages. You can choose either the Jacobi or the Gauss-Seidel approach.

ming, oe e ok ok ok Tk + D0, (b — pF) 23, )
s.t. by —pr +75 >0 Vgt
by — Dt +ﬁ§t < u];tM Vg,t
a:’;t >0 Vg,t
ahy < (L—wuf)M Vgt
Ty—xh, >0 Vgt vk
f,‘z —xy, <vp M Vgt
Mgt >0 Vg,t
My < (1= v )M Vgt
Py —ar+ B g:c’;tzo Vi
up, vl € {0,1} Vg, t

\ J

According to the Jacobi diagonalization, the EPEC is solved as follows

Step 1) Initialize E,(CO), choose a maximum number of iterations J and a tolerance e. Set

7 < 0.

Step 2) Update j «— j + 1. Solve the MPEC above for each player k fixing the generating
capacities of the other players f(_]z: to the values obtained in the previous iteration
f(_jgl) to obtain the value E,ij), ie., :c(_],)g = <x§j71), . ,x,(gjfll), m,(j:ll), . ,ngl)).

Step 3) If j > J stops, otherwise go to Step 4.

Step 4) Let X9 = (2,29, 7). If |[x0) — xU=D|| < € stops. Otherwise go to Step 2.
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X Example 6-8: Comparison of open- and closed-loop generation expansion (GenEx-
panClosedLoop.gms)

In Example 4-13 we formulated a generation expansion equilibrium problem assuming that capac-
ity and production decisions are made simultaneously. We formulated that as a complementarity
problem. The name for this problem is open-loop generation expansion equilibrium. After that, in
Example 5-11, we proved that the sequence of decisions can actually affect the optimal decisions in
generation expansion. In this example you have to compute the generation expansion equilibrium
taking into account the sequence of capacity and production decisions. To do so, you have to for-
mulate the equilibrium as an EPEC and solve it using one of the methods previously discussed. My
recommendation is to implement the Jacobi diagonalization method. Use ; = 1 and «; varying
throughout time as follows

t t to t3 ty t5 ts ty ts tg t1o

oy 10 20 30 40 20 60 70 80 90 100

You have to find the equilibrium for two asymmetric players as you did in Example ??7-13 with the
following investment and production cost functions

Cgll (T,4,) = 1007, C; (Tgyt) = 10744 CgIQ (Tygy) = 507, Cgi (Tgot) = 20T gy
and also considering two symmetric players with the same investment and production cost functions
Cg11 (T,4,) = 1007, Cﬁ (Tgyt) = 1074, C;z (Ty,) = 1007y, Cgi (Tgot) = 10Ty

Fill in the table to compare open-loop and closed-loop results for both perfect competition and
Cournot competition and comment on the obtained results.

Model Competition Players T, T, profitg;  profitg, SwW
Open-loop Perfect Symmetric 25.0 25.0 0 0 7750.0
Closed-loop Perfect Symmetric 16.1 16.1 1557.3 1557.3 6929.6
Open-loop Cournot Symmetric 16.7 16.7 1722.2 1722.2 6888.9
Closed-loop Cournot Symmetric 16.7 16.7 1722.2 1722.2 6888.9
Open-loop Perfect Asymmetric 40.0 13.3 0 0 7816.7
Closed-loop Perfect Asymmetric 17.4 16.3 1810.0 1331.0 6828.4
Open-loop Cournot Asymmetric 16.7 18.3 1969.4 1477.8 6715.3
Closed-loop Cournot Asymmetric 19.2 17.1 2059.8 1272.4  6818.0
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X Comparison of open- and closed-loop generation expansion (II)

o Comments for symmetric players:

Under perfect competition, if investment decisions are made before production decisions
(closed-loop), then the producers withdraw some of the capacity to obtain a profit higher
than 0. Remember that for the open-loop generation expansion (in which investment and
production decisions are made simultaneously), we proved that the profits are equal to 0
for all power producers.

Under Cournot competition, the results of the open-loop and closed-loop models are the
same. This has to do with the fact that the time periods for which the capacity constraint
is binding is the same in both models. If you are interested, you can find more details
about it in the following paper: Wogrin, S., Hobbs, B. F., Ralph, D., Centeno, E., Barquin,
J. (2013). Open versus closed loop capacity equilibria in electricity markets under perfect
and oligopolistic competition. Mathematical Programming, 140(2), 295-322.

Note that the highest social welfare is achieved for the open-loop perfect competition case
for two reasons. First, because players are not exercising market power at the production
stage. And second, because investment decisions are made without anticipating their
impact on market outcomes.

o Comments for asymmetric players:

©salvapineda

For the open-loop perfect competition model, profits are equal to 0 as we have already
proven.

For the closed-loop perfect competition model, the players decide their investment strate-
gically anticipating the market outcomes to obtain a profit higher than 0. It is not straight
forward to know whether the player would reduce or increase their capacity a priori.

For the open-loop Cournot case, the players also obtain a profit higher than zero. So
even though capacity and production decisions are assumed to be made simultaneously,
the fact that players can exercise market power at the production stage increases their
profits.

Again, the highest social welfare corresponds to the open-loop perfect competition case.
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